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1. Introduction 

The main purpose of this paper is to investigate the decay estimates for the global solutions of 
the following two-dimensional incompressible inhomogeneous Navier-Stokes equations with viscous 
coefficient depending on the density 

{d t p + dw(pu) = 0, (t, x) G M + x M 2 , 
dt(pu) + div(pn <g> u) - &\v{p(p)M{u)) + VII = 0, 
div u = 0, 

where p, u = (m, 112) stand for the density and velocity of the fluid respectively, M.(u) = Vu+V T u, 
II is a scalar pressure function, and in general, the viscosity coefficient p(p) is a smooth positive 
function on [0, 00). Such system describes a fluid which is obtained by mixing two immiscible fluids 
that are incompressible and that have different densities. It may also describe a fluid containing a 
melted substance. One may check [9] for the detailed derivation. 

When p(p) is independent of p, i.e. p is a positive constant, and the initial density has a positive 
lower bound, Ladyzenskaja and Solonnikov [8] first addressed the question of unique solvability 
of (1.1). More precisely, they considered the system (1.1) in a bounded domain f2 with homoge- 
neous Dirichlet boundary condition for u. Under the assumption that no G W 2 p ,p (Q) (p > d) is 
divergence free and vanishes on 80, and that po G C 1 (fi) is bounded away from zero, then they [8] 
proved 

• Global well-posedness in dimension d = 2; 

• Local well-posedness in dimension d = 3. If in addition uq is small in W p (Q), then 
global well-posedness holds true. 

Danchin [3] proved similar well-posedness result of (1.1) in the whole space case and the initial data 
in the almost critical spaces. In particular, in two dimension, he proved the global well-posedness of 

(1.1) provided the initial data (p , u ) satisfying p - 1 G H 1+a (R 2 ), po>m>0, and u G H^CM 2 ) 
for any a G (0, 1) and /3 G (0, 1]. 

In general, Lions [9] (see also the references therein) proved the global existence of weak solutions 
to (1.1) with finite energy. Yet the uniqueness and regularities of such weak solutions are big open 
questions even in two space dimensions. Except under the additional assumptions that 

(1.2) \\p J (p )-l\\ Lao{r2) <E and uoGF^T 2 ), 
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Desjardins [4] proved the following theorem. 

Theorem 1.1. Let po G L°°(T 2 ) and divuo = 0. Then there exists e > such that under the 
assumption (1.2), Lions weak solutions ([9]) to (1.1) satisfy the following regularity properties hold 
for allT > : 

(1) u G L^^T^H 1 ^ 2 )) and ^fpd t u G L 2 ((0,T) x T 2 ), 

(2) pandp(p) GL°°((0,T) x T 2 ) n C([0, T]; LP(T 2 )) for all p e [l,oo), 

(3) V(n - KiKjifiM^ij)) and V(P Q(A*M(«)ij)) G £ 2 ((0,T) x T 2 ), 

(4) II may be renormalized in such a way that for some universal constant Co > 0, IT and 
VnG L 2 ((0,T);LP(T 2 )) for all p £ [4,p*), where £ = 2Co||/i(po) - 1||l~. 

In which, we denote 1Z as the Riesz transform: 1Z = VA~5. Q = VA _1 div and P = I — Q 
respectively denote the projection on the space of curl-free and divergence-free vector fields. 

In order to investigate the global well-posedness of thus solutions, we first need to study the 
global-in-time type estimates. However, because of the difficulties of the continuity equation in 
(1.1) being of hyperbolic nature and the estimate of the diffusion term in the momentum equation, 
we shall first study the time decay of the solutions, which is very much motivated by [5, 10, 12]. 

Theorem 1.2. For 1< p < 2, let u G L P (M 2 ) n H 1 ^ 2 ), po-l€ L 2 (R 2 ) and p G L°°(M 2 ) with a 
positive lower bound. We assume that (p, u, Vp) is a given Lions weak solution of (1.1) with initial 
data (po,uo). Denote p(l) = po, then under the assumption 

(I- 3 ) IIm(p) - W)Hl°°(r+;L°°(r 2 )) - £ o, 

for a smah constant there exists a constant C\ which depends on \\po — l\\ L 2, \\uq\\lp and \\uq\\ h i 
such that there hold 

(1.4) \\u(t)\\ 2 L2 < Ci(t + e)-W, ||Vu(t)||| 2 < dit + e)- 1 - 2 ^^, 

poo 

(1.5) / ||« t || L 2 + \\W&iv(p(p)M{u))\\ L 2 + \\Q&rv(p{p)M{u)) -VI1\\ L 2 dt < Ci, 

J 

(1.6) J (t+e) 1+2 ^- £ (jH| L2 + ||Pdiv(^^ dt<d, 
with (3(p) = |(| - 1) and any e > 0. 

Remark 1.1. The first estimate of (1.4) coincides with the L 2 -norm decay result in [10, 12] /or 
t/ie weaA; solutions of the two-dimensional classical Navier-Stokes system, and also coincides with 
the result in [5] for (1.1). When p(p) be a constant, we can get optimal decay of ||Vu|| 2 2 with the 
order —l — 2(3(p), see [6]. Notice the main ingredients of the proof in [6, 10, 12] are the usual energy 
estimates and the phase space analysis. In our case, due to the additional difficulties mentioned 
above, we not only need to apply phase space analysis, but also need more explicit energy estimates, 
see Proposition 3. 1 below. We note also that the 3D case with constant viscosity was studied in [1] . 
Using energy estimates with weight in time and the Fourier splitting method of Schonbek [10] we 
can generalize this decay in time estimates to the 3D case with variable viscosity. 

Motivated by Proposition 3.1, we have a more general result. Indeed, using interpolation ar- 
gument we obtain a similar decay rate of the solution, under a weaker assumption on the initial 
volocity. 

Theorem 1.3. For 1 < p < 2 and < a < 1, let u G L P (R 2 ) n H a (R 2 ), p - 1 G L 2 (M 2 ) 
and po G L°°(M 2 ) with a positive lower bound. We assume that (p, u, Vp) is a given Lions weak 
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solution of (1.1) with initial data (pq,uq). Then under the assumption (1.3), there exists a constant 
C a which depends on \\po — l||x,2, ||uo||lp an d \ \ u o \ \ H « such that there hold 

(1.7) Kt)||£ a < C7 a (t + e)- 2 ^, ||Vu(t)|| 2 L2 < C^t + e)- 1 - 2 ^)^, 

/•oo 

(1.8) / ||ut|| £a + \\Fdw(fi(p)M(u))\\ L 2 + ||Qdiv(/x(p).M(u)) - VU\\ L2 dt < C a , 
Jo 

(1.9) 

f°° / N 2 

y t^t + e ) r+ W- e (\\u t \\ L 2 + || Pdiv(/i(p)M(«)) || L 2 + || Qdiv(/i(p)M(«)) - Vn|| L2 J (it < C7 Q , 
witii any £ > and < r < a. 

Remark 1.2. VFe note a/so t/iat t/te 3-D case u>it/i constant viscosity was studied in [1]. Using 
energy estimates with weight in time and the Fourier splitting method of Schonbek [10] we can 
generalize this decay in time estimates to the 3D case with variable viscosity. 

In the second part of this paper, we investigate the regularity propagation of transport equation. 
We consider the transport equation: 

{dtp + uVp = 0, (t,i)el + xK 2 , 
divu = 0, 
p\t=o = Po- 
In the case of u G L l (Lip), for any small positive regularity, it is well known that 

||p(t)||B« r < ||A)||B« r exp(||u|| £ i (Lip) ). 
And if the regularity index is 0, follows from [11], we have 

Hp(*)lliJ° r < c IIPobo r (l + \\u\\ L i {Lip) ). 

We want to know how it changes from zero regularity to positive regularity. So we define a Besov 
space with logarithms regularity B^\ , which is just between zero regularity and positive regularity, 
see Definition 2.2 and Remark 2.1 below. So we gain a polynomial relation between the velocity 
and the density, which is the case between exponential and linear cases. 

According these two results, we give an application about global existence to solutions of (1.1). 

Theorem 1.4. For 1 < p < §, let u G L P (IR 2 ) n i/^R 2 ). Let p - 1 G B^ £ (R 2 ) for any e > 0, 
and po G -L°°(1R 2 ) with positive lower bound. Then there exist positive constant n > 1 and Co, cq 
such that if 

(1 + no)G(po,u )\v+i 
Po 



n in ii f ^ n f(l + po)G(p ,u )\v+i , 4 -. 

(1.11) \\P\Po) ~ Mo|| R (^+i)in exp{(?7 + l)exp(Co||no|| L2 )) < c /xo, 

oo,l V UO / 



where 



(1.12) 



G(p ,u ) = Gi exp(G 2 ), 

Gi = ||po - 1||l 2 + IlPo - l|ll,2 + ||«o||lp + ||«o||Ip + ll^ollffi + ||«o||L , ll u o||fl-i 

+ (l+||po-l||I a )ll«o|lHi. 

g 2 = \\u \\ 4 L p + \\uo\\ 4 H i + Wpo - i|| L 2 + ||«o||ip||«o|||fi + (i + IIpo - i-H^IKHl-i, 



,1- 



(1.1) has a global solution (p,u) such that p - 1 G L°°((0, T); 5^ 2 (M 2 )) for any T > 0, and 
VueL 1 (R + ;B OOj2 ). 

Remark 1.3. We don't mention the result of uniqueness, and this is well known in [3]. 
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The organization of the paper. In the second section, we collect some basic facts on Littlewood- 
Paley theory and integral inequalities, which have been used throughout this paper. In Section 3, 
we shall present the proof of Theorem 1.2. In Section 4, we shall prove Theorem 1.3. In Section 5, 
we give an application of Theorem 1.2. 

Let us complete this section by the notations we shall use in this context: 
Notation. For a < b, we mean that there is a uniform constant C, which may be different on 
different lines, such that a < Cb. a ph b means that there is two positive uniform constant c, C such 
that cb < a < Cb. We shall denote by (cj jr )jg® to be a generic element of £ r (N) so that Cj jT > 



2. Preliminaries 

First, we are going to recall some facts on the Littlewood-Paley Theory, one may check [2] for 

details. Let B d = {£ G If I < |} and C = J {£ G K 2 , § < |£| < §}. Let x G C™(B) and <p G C C °°(C) 
which satisfy 

x(o+2>( 2 " J 'f) = 1 ' eGR 2 , 

i>o 

we denote h = f T~ x ^p and /i *= f Then the Littlewood-Paley operators Aj and Sj can be 

defined as follows 



Ajf ^ f = 2 2 ' / h(Vy)f(x - y) dy, for j > 0, 

(2.i) Sjf d ^ x (2-w)f = A *f = 22j L kvv)f(x - y)dy, 

-i<k<j-i r2 

With the introduction of Aj and Sj, we define two norm which will be used throughout of our 
work. 

Definition 2.1. Let s£l and 1 < p, r < oo. The inhomogeneous Besov space B^ r consists of all 
tempered distributions u such that 

\\u\\b^ t d = \\(2 js \\Aju\\ L p)j>-i\\er < oo. 

Definition 2.2. Let ry > 0. The logarithms inhomogeneous Besov space B^\ consists of all tem- 
pered distributions u such that 

||u|L„in = f (2 + j) v \\Aju\\L°° < oo. 

J>-1 

Remark 2.1. One may see that for any positive e and rj, B^^ C B^\ C B^^. 

Let us recall the following lemmas from [2]. 

Lemma 2.1 (Bernstein's inequality). Let 1 < p < q < oo. Assume that f G L p , then there exists 
a positive constant C independent of f, j such that 



suppf C m < V} \\d a f\\ Lq < C2 j W +2j (- p -^\\f\\ LP , 
suppf C M « 2^'} H/llip < C2-'W||0 a /|| L p. 
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Lemma 2.2. Let (ft be a smooth function supported in the annulus £ f 2 : |£| ~ 1}. Then, there 
exist two positive constants c and C depending only on (ft such that for any 1 < p < oo and A > 0, 
we have 

\\<ft(X- 1 D)e tA f\\ LP < Ce~ ctx2 \\cft{X- l D)f\\ LP . 
In what follows, we will constantly use Bony's decomposition 

(2.2) uv = T u v + T v u + R(u, v) 
where 

T u v = Sj-iuAjV and R(u, v) = AjuAjv, 
j>-i j>-i 

where Aj = Ya=-i A j+i- 

Also, we need some calculus inequalities which can be found in [12]. 

Lemma 2.3. Let m G R + , < a < 1 and (3 > 0. Then 

(1) / *(s + e)- 1 ln(s + e)- m ds < ^ for m > 1, 

(2) there is some >y m > such that f*(s + e)- 1 ^ ln(s + e) m ds < -y m (3~ {m+1 \ 

(3) there is some 7 mjQ , > such that, for all t > 0, 

f*(s + e)~ a ln(s + e)- m < 7ro>a (* + e) 1 "" ln(i + e)" m . 

Finally, we need the integral form of Gronwall's inequality, which is well known. 
Proposition 2.1. Let f,g,h be positive functions defined on R + , and h(t) G L\ oc . If 

f(t)<g(t)+ f\(s)f(s)ds, 
Jo 

then following estimate holds: 

(2.3) /(<) < 5 (i) + T /i(a)^(s) exp( f h{r) dr) ds. 

JO J s 

3. The Proof of Theorem 1.2 

In this section, we will prove Theorem 1.2. First, we have some energy estimates. 

Proposition 3.1. Let v G L 00 (R + ;L 2 ) n L 2 (R + ;H 1 ), divv = 0. Assume that u G H 1 ^ 2 ) and 
po G L°°(IR 2 ) with positive lower bound. f(t) be a positive second-order differentiable function 
satisfies f'{t) > and f"(t) > 0. (p, u) be the global weak solution of the linear system: 

' d tP + vVp = 0, 

( „ u I pd t u + pvVu-div{p,{p)M{u)) + Vn = 0, 

[6A) ] divu = 0, 

k (p,u)\ t =o = (po,u ). 

Then under the assumption (1.3), we have the following estimates: 
sup f(t) [ p(p)\Vu\ 2 (t)dx 

0<t<oo JR 2 

f'OO f' 

+ / /(*) / \^u t \ 2 + \Fdiv(p(p)M(u))\ 2 + \Qdiv(ii(p)M(u)) -VU\ 2 dxdt 
Jo Jm. 2 

poo p 

(3.2) <C(/(0)||V«o||i 2 + / /'(*) / 2 M/>)|Vu| 2 ^)exp{C(l + \\v\\ 2 Lrx{L2) )\\ Vv\\ 2 l2(l2) }, 
(3.3) 

/» /'CO P POO P 

sup /'(*) / p\u\ 2 {t)dx+ /'(<)/ p(p)\Vu\ 2 dxdt<C(f(0)\\u \\ 2 L2 + f"(t) p\u\ 2 dxdt). 
o<t<oo Jm? Jo Jm 2 Jo Jm 2 
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Proof. First, we follow the line of the proof of Theorem 1.1, see [4]. By taking L 2 inner product of 
the momentum equation of (3.1) with f(t)ut and using integration by parts, we deduce that 

f(t) [ \^pu t \ 2 dx + f(t) [ (pvVu)-u t dx + f(t) f fi(p)Vu:Vu t dx = 0. 
Jr 2 Jr 2 Jr 2 



Note that 



f(t) I p(p)Vu:Vu t dx = \d t [f{t) [ p( p )\Vu\ 2 dx\-\f'(t) [ p(p)\Vu\ 2 dx 
Jm 2 l Jm 2 2 Jr 2 

-lf(t) I d t p(p)\Vu\ 2 dx, 
1 Jr 2 

and from the derivation of (29) in [4] that 

- / d t u(p)\Vu\ 2 dx = / div(p(p)v)\Vu\ 2 dx 
Jr 2 Jr 2 

= / (vV)u ■ div(p(p)M(u)) dx + / fi(p)ti(VvVuM(u)) dx 
Jr 2 Jr 2 

= / (vV)u • (pu t + pvVu + VII) dx + / p(p)tv(VvVuM(u))dx, 
Jr 2 Jr 2 



we have 



< 



Recall that 

so that we have 



T + lf(t) [ Kp)\Vu\ 2 dx] + f(t) [ \^pu t \ 2 dx 
dt Jk 2 Jr 2 

f'(t) [ p(p)\Vu\ 2 dx + f(t) [ \^vVu\ 2 dx 
Jr 2 Jr 2 

+f(t) [ p(p)\Vv\\Vu\ 2 dx + f(t) [ UdiVjdjUidx 
Jr 2 Jr 2 

-u Au = div((p(p) - no)M(u)) - div (p(p)M(u)), 



p d iUj =K i F j K((p J (p) -p )M(u)) -TZ i F j TZ(p(p)M(u)). 
Estimating it in the L 4 (R 2 ) and using the Gagliardo-Nirenberg inequality, we can write 
l|Vu|| L 4 < \\F®Q((p J (p)-p j0 )M(u))\\ L 4 + \\F®Q(p J (p)M(u))\\ L 4 

< - A to|| i «» (R +. £ oo ) ||V«|| i4 + ||P<8>Q(At(p)A^(«))||| 2 ||v(p®Q(At(p)Af(«)))||l 

Finally, using (1.3) and the conservation of the momentum, we obtain that 

(3-4) ||Vn|| L4 < \\Vu\\l 2 \\F(pu t + pvVu)\\l 2 , 

Now letting (— A)~zlZ operate on the equation of momentum, we get that 

n = n i n j (p(p)(d iUj + d jUi j) + (-A)-^n( P u t + pvVu). 

It follows that 

||n - Tl i Tl j (p(p)M(u))\\BMO < ||V(n - 7^(/x(p).M(u)))|| L 2 < \\pu t + pvVu\\ L 2. 
We obtain that 

/ UdiVjdjUidx < \\Vv\\ L 2\\Vu\\ 2 L4 + \\U — KiKj(p(p)M(u))\\BMo\\diVjdjUi\\ n i 
Jr 2 

< \\Vv\\ L 2 1| Vu||x,2 \\pu t + pv\7u\\ L 2, 
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so that 

f(t) [ Ud iUj d jUi dx < C £ /(t)||V«||| 2 ||V U ||2 2 + e /(t)(||^||2 2 + ||Wn||2 2 ). 

JR 2 

f(t) f p(p)\Vv\\Vu\ 2 dx < C/(*)||V«|| L2 ||V«||i4 

JR 2 

< C e f(t)\\Vv\\l4Vu\\ 2 L2 +ef(t)(\\VP^\\h + ||^Vn||| 2 ). 

Also 



||wVu|| L 2 < \\v || L 4||Vn|| L 4 < \\v \\i,2 ||Vv|| L 2 ||Vu|| L 2 \\pu t + pv\7u\\ L 2, 
/(*) ! |^Wn| 2 dx<C7 e /(t)||t;||2 2 ||Vz;||2 2 ||V U ||2 2 + £ /(t)||^||i 2 . 

JR 2 

Consequently, 

i/(t) / p(p)\Vu\ 2 dx] + f(t)[ \^5u t \ 2 dx 
^ ^ at Jm 2 Jr 2 

<f'(t)[ Mp)|Vn| 2 ^ + /(t)||Vu||| 2 ||V,;||| 2 (l + ||Hl! 2 ). 

JR 2 

Second, we act the Leray projector P on the momentum equation of (3.1) to get that 

Pdiv(n(p)M(u)) = F(pu t + pvVu), 
Q6iv(n(p)M(u)) - Vn = Q(pu t + pvVu). 

Along with (3.5), we have 

im / '»(p)Nu\ 2 dx] 

dt J R 2 

+/(*) I \Vpu t \ 2 + \Pdiv(p(p)M(u))\ 2 + \Qdiv(p(p)M(u)) - VU\ 2 dx 
Jr 2 

< C(f'(t)[ M/>)|Vn| 2 dx + /(t)||Vn||l 2 ||Vt;|| 2 :2 (l + || ? ;|| 2 :2 )). 
Jr 2 

Note that v € L°°(L 2 ) n ^(H 1 ), so that 

/>oo 

y o (i + Hi2)iiv«n!2 * < a + ii^iiioc^))!^^!!^^, 

and (3.2) holds. 

The same strategy can be held for f'(t)u, we have 



1 d rr , 
2dt 



[/'(<)/ \^u\ 2 dx] + f'(t) [ p(p)\Vu\ 2 dx = \f"(t) ( \^u\ 2 dx, 
Jr 2 Jr 2 z Jr 2 



so that 



sup /'(*) / p\u\ 2 {t)dx+ f'(t) p(p)\Vu\ 2 dxdt<C , (f'(0)\\u Q \\ 2 L 2+ f"(t) p\u\ 2 dxdt). 
o<t<oo Jr 2 Jo Jr 2 Jo Jr 2 

□ 

According these two energy estimates, letting -u = u, we can prove Theorem 1.2. More precisely, 
we have the following theorem. 
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Theorem 3.1. Under the assumption of Theorem 1.2, (1.4), (1.5) and (1.6) hold. More precisely, 

we have 

(3.6) 

IMQWh < (K + K 7 )eMK 2 )(t + e)- 2 ^\ \\Vu(t)\\h < (K + K 7 ) exp{K 2 )(t + e ) _1 ~ 2/3 ^ +e , 

(3.7) / K|| i2 + ||Pdiv(^(p)7W(n))|| L2 + \\Qdiv(u.(p)M(u)) - VU\\ L 2dt < VK + K, 
Jo 

(3.8) 

J (t+e) 1+2 ^- £ (||u t || L 2 + ||Pdiv(^^ dt < (K+K 7 ) exp(K 2 ), 

where 

(3.9) K = (||no||| P + ||uo|| 2 ? i + ||po-l|li2 + ||no|||p||no||^i + (l + ||/>o-l|||2)||u ||^i) exp{C||n ||i2}. 
Proof. We get the standard energy estimate to (1.1) that 

A liv^(*)lli 2 + liv«(t)iii a <o. 



dt 

Using Schonbek's strategy, we obtain 

(3.10) £\\y/f>»{t)\\h +9 2 (t)\\^pu(t)\\l 2 < Mg\t) [ \u(t,0\ 2 d{, 
dt ' JS(t) 

where S(t) d = {£ : |£| < ^J~^g(t)} and g(t) satisfying g(t) < (1 + i)~^ . We rewrite the momentum 
equation of (1.1) as 

u(t) = e w * A u + j e^°^ A p(dw((p(p) - p )M{u)) + (1 - p)u t - puVu^j (s) ds. 
Taking Fourier transform with respect to x variables leads to 

Ht,0\ <e-^ 2 \MZ)\ + r e - w(t - s)lf|2 [|e||^((Mp)-M)X(n))| + \F x {{l-p)u t -puVu)\]ds, 

Jo 

which implies that 

/ Wt,0\ 2 dt < [ e- 2 ^l 2 |n (0| 2 ^ + /(t)(/V4(Mp)-M)-M(n))||L r ^) 2 
Js(t) Js(t) Jo 

(3.11) +9 2 (t)([ \\F X {{1- P )u t -puVu)\\ Lf ds) 2 . 

Jo 

Note that uq G L p for 1 < p < 2, one has 



(3.12) / e- 2 ^l 2 |uo(e)| 2 ^<(/ e- 2 ^ 2 ^)"!!^^)!!^ < KllL(l + *)" 2 r 

Js(t) JS(t) 



where i = 2 -l,I + i 7 = l. 

q p ' p p 

Note that u G L°°(L 2 ) n ^(H 1 ) and u t G L 2 (L 2 ), we have 
t rt 



(/ \\F x {{p{p) - p Q )M(u))\\ LT ds) 2 < (J^\\(p(p)-p )M(n)\\ Ll d S ) 2 

< IKp) -Mo II|-(l2) l|Vu|| L 2 ds) 2 



o 

< ciipo-i|ii2ii«oiii a (i+t) 
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(J* \\T X {(1 - p)u t )\\ Lr dsf < ||1 - Plll-wij* \\ut\\ L * dsf < C\\ P0 - l||| 2 ||Vn ||i 2 (l + t), 

{j\\F x { P uVu)\\ Lr dsf < \\pu\\l r{L2) (J* \\Vu\\ L 2 dsf < C||«o||i a (l + t). 
Then we deduce from (3.10) to (3.12) that 

jJ^mh+9\t)\\VPu(t)\\l* 

< ^ (t) || Uo ||2 p(1 + r 2 / 3(p) +5 6 W||po _ 1|| 2 2||uo|| 2 2(1+t) 

+5 4 W(l|po-l|l! 2 ||V Uo ||| 2 + ||no||l 2 )(l + 

< g 2 (t)\\u \\Ul + + g\t)(\\p Q - lWUMh + \\«o\\h)Q- + *)■ 
Taking g 2 (t) = {e+t) l [e+t) , then e/oVW* = l n 2 (t + e ) and 

\n\t + e)\\u(t)\\\ 2 

< hoWh + f\\\ u o\\h ( X%tm P ) + Cll^o - l|li 2 ||«o|||i + |K|| 4 L2 )(s + e)" 1 ] ds 

< (\\vo\\h + (1 + IlPo - M\h)\\no\\ 2 m + IK|| 4 L2 ) Ht + e), 
which gives 

(3-13) \\u(t)\\ 2 L2 < (HuoIlL + (1 + IlPo - l\\h)\\u \\ 2 m + |K|| 4 L2 ) ln^i + e). 

Now we improve the estimate (3.13). 

We choose f(t) = t + e in (3.2), then we have 

poo 

sup (t + e)||Vu(t)||| a + / (t + e)\\u t \\l 2 dt<C\\uo\\ 2 Hl exp{C\\ Uo \\ A L2 }, 

0<<<oo JO 

so that 

{j\\F x {{l-p)u t )\\ LT dsf < \\\-p\\ 2 LnL2) {j\\u t \\ L ,dsf 

< C\\p - 1\\ 2 L 2 l\s + e)\\u t \\ 2 L2 ds f\s + e)" 1 ds 

Jo Jo 

< C\\p - l||! 2 ||no||^ exp{C||n ||l 2 } ln(t + <0- 



{j\\T x (puVu)\\ LT dsf < (J*\\u(s)\\ L2 \\Vu(s)\\ L 2 dsf 
< c(\\uo\\h + (1 + \\po ~ l||| 2 )ho||^) ||«o|||ri exp{C||n ||l 2 }(t + e) ln" 1 ^ + e). 



We plug these estimate into (3.11) and take g 2 (t) = ( e+f ) f n ^ e+t ^ , then eh # 2 0) ds _ j n 3^ _|_ g -j an( ^ 

, ^/ M, / M, 9 ^ /"* ln 2 (s + e) ln 2 (s + e) . , 1n , 
ln 3 (t + e )Mt)||l 2 < [ - - { e)1 J {p) + -^-^ +(s + e)- 1 ] ds 

< Khx(t + e), 

which implies 

(3.14) ||n(t)||| 2 <Kln- 2 (t + e). 
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So that 

poo 

/ (t + e)- l \\u\\ 2 L2 dt<K. 
Jo 

We choose f'(t) = ln(t + e) in (3.3), then get 

POO 

sup ln(t + e)||u(t)||! a + / ]n(t + e)\\Vu\\ 2 L 2 dt 

0<t<oo Jo 

POO 

< C-(||n ||| 2 + / (t + e) 1 \\u\\ 2 L 2 dt) 

Jo 

< K. 

Consequently, we take f(t) = (t + e) ln(t + e) in (3.2), obtain that 

(•OO 

sup (/ + e) ln(t + e) || Vu(t) ||| 2 + / (t + e) ln(t + e)\\u t \\ 2 L 2 dt 

0<t<oo Jo 

POO 

< C(||Vn ||| 2 + / (ln(t + e) + l)||V«|| 2 2 dxdt)exp{C|Kll£ 2 } 

Jo 

< K, 

which implies 

(3.15) ||V^)||| 2 ^Kit + ey'ln-^t + e). 
Combining (3.14) and (3.15), we get the revised estimates, 

(/ \\u\\ L 2\\Vu\\ L 2 ds) 2 < K 2 { {s + e)-^\n-i{s + e)ds) 2 
Jo Jo 

< K 2 (t + e) In" 3 (t + e), 

( f ||1 - p\\ L 2\\u t \\ L 2 ds) 2 < K( [\s + e) ln(s + e)|K||| 2 ds)( [\s + e)' 1 ln^s + e) ds) 
Jo Jo Jo 

< K 2 ln(ln(t + e)). 

Substituting these two estimates in (3.11), and taking g 2 {t) = ( f+e ) g^+e) ' t ^ ien e *^° a2 ^ ds = ln 5 (t + 
e) and 

>■•(.+«) wok. s i-ii, + f [ikiil + ^« + gy + e » + -g-i * 

< (^ + ^ 2 )ln(t + e), 
from which, we obtain 

(3.16) |Ht)||| 2 <(^ + K 2 )ln- 4 (t + e). 
We choose f'(t) = ln 2 (t + e) in (3.3), then 



POO 

sup ln 2 (t + e)||n(t)||| 2 + / In 2 (t + e)\\Vu\\ 2 L2 dt 

0<t<oo Jo 

POO 

< CX||uo||| 2 + / (t + e)^ln(t + e)|| U (t)|| 2 2 dt) 

Jo 

POO 

< C(\\u \\ 2 L 2 + (K + K 2 ) (t + e)" 1 ln~ 3 (t + e)dt) 

Jo 



< K + K 
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Finally, we take f(t) = (t + e) ln 2 (t + e) in (3.2) to get that 



poo 

sup (t + e)ln 2 (t + e)\\Vu(t)\\ 2 L2 + / (t + e) In 2 (t + e)\\u t \\ 2 L 2 dt 

0<t<oo JO 

< c(||Vu ||| 2 + J^Ht + e) + ln 2 (t + e)) ||V«||| 2 dt) exp{C7||n ||l 2 } 



Consequently, we obtain 



(/ \\u t \\ L 2 dt) 2 < ( (t + e) In 2 (t + e)\\u t \\ 2 L2 dt)( (t + e)" 1 ln' 2 (t + e) dt) < K + K 2 . 
Jo Jo Jo 

Which is the same for Fdiv(iJ,(p)M(u)),<Qdiv(n(p)M(u)) — VII € L 1 (R + ;L 2 ), and gives (3.7). 
Moreover 

/ ||«V«|| L2 dt< / (\\u\\ L 2\\Vu\\ 2 L2 + \\u t \\ L 2)dt<VK + K, 
Jo Jo 

and 

( f \\u\\ L 2 \\Vu\\ L . dsf < ( f ln- 2 ( S + e)|M| 2 2 ds){ f ln 2 (s + e)||Vu||| 2 ds) 
Jo Jo Jo 

< (K + K 2 ) [ ln- 2 (s + e)\\u\\ 2 L ,ds. 
Jo 

Substituting these estimates into (3.11), noting that 2f3(p) G (0,1), and taking g 2 (t) = ^ with 
any positive a G (2/3 (p), 1), then we get 

(t + er\\u(t)\\h < \\uo\\ 2 L2 + (K + K 2 ) [\s + er- 2 f \^ 2 {r + e)\\u{r)\\ 2 L2 drds 

Jo Jo 

+ K f\s + e ) a ~^ 2 ^ ds + (K 2 + K 3 ) f\s + e) a " 2 ds 
Jo Jo 

< {K + K 3 )(t + e ) a ~ 2 ^ + (K + K 2 ) I (s + e) a ~ 2 In" 2 (t + e)\\u(r)\\ 2 L2 drds. 

Jo Jo 



For t > 1, we define 

ft 



y (i) t f /" ( s + e ) a ||n( S )|| 2 2 d S , y(t) d = max {y( s ) : l<s<t}, 
Jt-i 



I(t) t f (\n 2 {s + e)\\u{s)\\ 2 L2 ds. 
Jo 



10 

Then recall that a < 1, one has 

rt-[t] 



/(<) = / ln- 2 (s + e)||u(s)|| 2 2 ds+ / ln~ 2 (s + e)||u(s)|| 2 2 ds 
Jo Jt-[t] 

< \\u(s)\\ 2 L2 (s + e) a (s + ey a ln~ 2 (s + e)ds 



j=o -tt-i- 1 

[t]-l 

(3.17) < K + Y(t) ^ (t - j)-* ln- 2 (i - J) < ^ + V(t)(/ + e) 1 -" ln- 2 (t + e), 

i=o 

from which, we infer that 

y(t) <{K + K 3 ){t + e ) a " 2 ^ + {K + K 2 ) f\s + e)" 1 ln- 2 (s + e)Y(s) ds. 

Jo 



12 J. HUANG AND M. PAICU 

Then, applying Gronwall's inequality (2.3), we have 
(3.18) 

Y(t) < (K + K 3 )(t + e ) a ~ 2 ^ 

+ {K 2 + K 5 ) f\s + ^-^(pM l n - 2 ( s + e) exp{(K + K 2 ) f\r + e)" 1 ln~ 2 (r + e) dr} ds 

JO J s 

<{K + K 3 ){t + e) a " 2 ^ + {K 2 + K 5 )exp{K 2 ) [ [s + e)^ 213 ^ 1 In' 2 (s + e) ds 

Jo 

< {K + K 5 )exp(K 2 ){t + e) a ~ 2(3(p \ 
Plunging (3.18) into (3.17) gives rise to I(t) < (K + K 5 ) exp^Xt + e) 1 " 2 ^ ln- 2 (t + e), we obtain 

(t + e) a \\u{t)\\ 2 L 2 < [K + K 3 ){t + e) a ~ 2 ^ p) + {K 2 + K 7 )ex V {K 2 ) f\s + e)^ 2 ^' 1 hT 2 {s + e) ds 

Jo 

< (K + K 7 )exp(K 2 )(t + e) a - 2 ^ p \ 

which gives the first inequality of (3.6). 

Go back to (3.3), we choose f"(t) such that f"{t)\\u(t)\\ 2 L2 dt is finite. For example, we let 
/"(f) = (t + e )-i+2/3(p)-£ for any £ > 0j (or f"(t) = (t + e )- 1+2 «P) ln~ a (i + e) for any a > 1,) then 
f{t) = {t + e) 1 + 2 / ? (p)- £ . Finally, we get (3.8) and the second inequality of (3.6). □ 

4. The Proof of Theorem 1.3 

The proof of Theorem 1.3 is very similar to Theorem 1.2. We should estimate every term in 
terms of ||ito||_ff a instead of ||ito||#i- First, we choose f(t) = t + e and t in (3.2), get that 

poo 

sup (t + e)||V«(t)||| 2 + / (t + e)|K||i 2 ^<C'||uo||l, 1 exp{C'(l + || U ||| 00(i2) )||V U ||| 2(i2) }, 

<<<oo Jo 



0<t<oo 

and 



POO 

sup t\\Vu(t)f L2 + / *K||i 2 dt < C\\u f L2 exp{C(l + ||«||i=o (L2) )||V«||i 2(L2) }. 

<<<oo JO 



0<t< 

By interpolation, and let v = u, we get that 



poo 

(4.1) sup (t + ert 1 - a \\Vu(t)\\ 2 L2 + / (t + e) a t l -^ Ut \\ 2 L2 dt<C\\u \\ 2 Ha exp{C\\ U o\\ 4 L 2}. 

0<t<oo Jo 



So that 

rt 



{J ll^x((l-pK)||L r d S ) 2 < ||l-p||i r(L2) (^ \\ut\\vds) 2 

< C\\ P0 -1\\ 2 L 2 f s l ~ a (s + e) a \\u t \\ 2 L2 ds f s a - l {s + e)- a ds 
Jo Jo 



< C a t a , 



(f\\F x {{^p)-^)M(u))\\ LT ds) 2 < (^U^-^Miu^ds) 2 



< IIm(p) -Aio|ll r(L 2)(^ \\Vu\\ L 2dsf 

< ciipo-i|ii2ii«oiii 2 (i+«). 



(J* \\T x (puVu)\\ Lr ds) 2 < \\/m\\ 2 LrilP) (J* \\Vu\\ L2 ds) 2 < C\\u \\Ul + t) 
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From which, we can deduce that 
d 



Jt \\vpumh+g 2 mvpu(t)\\h 



< 



C a (V (i)(l + t)~ 2 ^ + g\t)(l + t)+ g\t){l + t) + g\t)t a ) 
< C a (<? 2 (i)(l + + g\t)(l + t)+ g 4 (t)t a ) . 

Taking g 2 (t) = (e+t) £ (e+t) , then e /oV(-)«fa = l n 2 (i + e ) an d 

ln 2 (t + e)\\u(t)\\h 

< C Q ln(i + e), 

which gives 

(4.2) IK^ll^Caln-^ + e). 
Now, for t > 1, we have 

(puVu) || l-cZs) 2 < Cif \\u\\ L 2\\Vu\\ L 2ds) 2 

rt 

< C a {l sV( s + e )-f ln"2( s + e)ds) 2 

JO 

< C a (l + (* + e)m _1 (i + e)) < C a (t + e) ln -1 (t + e). 
We take g 2 {t) = {e+t) f n{e+t) , then e-foVW* = ln 3 (i + e) and 

>n3( t+e ) Wt ) fe < CKfe + c. [ ijg^ + (s ° ^ + e> + ^] * 

< C Q ln(t + e), 

which implies 

||n(t)|| 2 2 < C a ln" 2 (t + e), for t > 1. 
And for < i < 1, it is obvious, so that 

(4.3) IkWIlL < C a ln- 2 (t + e), 
and 

/•OO /*oo 

/ (t + e)~ 1 ||u|| 2 2 dt < C a / (t + e)~ 1 ln~ 2 (t + e)cft < C a . 
Jo Jo 

We choose f{t) = ln(t + e) in (3.3), then get 

/>oo 

sup ln(t + e)\\u(t)\\ 2 L 2 + / ln(t + e)||Vu||| 2 d* 

0<t<oo JO 

/■CO 

< C(lko||| 2 + / {t + e)- l \\u\\ 2 L2 dt) 

JO 

< C a . 
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that 



0<t<oo 

< C 



Consequently, for any < r < a, we take /(*) = t l ~ r {t + e) r ln(t + e) in (3.2), obtain 

i>oo 

sup t 1 - r (t + e) r \n(t + e)\\Vu(t)\\ 2 L2 + / ^ r (i + e) r ln(t + e)|K|| 2 2 <ft 

)<t<oo JO 

fOO I J. J. , 

' / [(^) 1 - r + ln(t + e)((^) 1 - + (^r)]||V U ||i 2 dtexp{C7|K|| 4 L2 }. 
Using (4.1), we get that 

f 1 t- r \\Vu(t)\\ 2 L2 dt < C a f t a - r -\t + e)- a dt < C a , 
Jo Jo 

which implies 

(4.4) ||Vu(t)|||a <C a f- l (t + ey r \YC l {t + e). 
Combining (4.3) and (4.4), for any t > 1, we get the revised estimates, 

(/ \\u\\ L 2\\Vu\\ L 2ds) 2 
Jo 

< C a ( s L ^~(s + e)~i\TT^(s + e)ds) 2 + C a {l sV (s + e)~% In" 2 ( s + e ) ds) 2 

< C Q (l + (t + e)ln- 3 (t + e)) < C a (t + e) ln" 3 ^ + e), 

(f ||i-pIU*KIIl» *0 2 

■/ 

< C a (f S 1 - r ( S + e) r ln( S + e)||n t || 2 2 d S )(/ s r - 1 (s + e)~ r m" 1 ^ + e) ds) 

Jo Jo 

< C a ln(ln(t + e)) . 

For i > 1, taking c/ 2 (t) = (f+e) ! 5 n(t+e) , then e^'W* = ln 5 (t + e) and 

ln 5 (* + e)|Kt)||! 2 

* ^Kiii. + c a + ln3( * + ; } + e)) + 4 

Jo (s + e) 1+ ™ (s + e)^ s + 

< C a ]n(t + e), 
from which, we obtain 

(4.5) \Ht)\\b <C a ln- 4 (t + e). 
We choose f'(t) = ln 2 (i + e) in (3.3), then 

POO 

sup ln 2 (t + e)||u(t)|| 2 2 + / ln 2 (i + e)||Vu|| 2 2 cii 

0<t<oo JO 
/»oo 

< C-(||«o||i2+ / (t + e)" 1 ln(t + e)||«(t)||i a ttt) 

Jo 

< C a (l + J (t + e)~ 1 dt + J (t + e)~ l ln~ 3 (t + e) dt) 



Ids 



< C a . 
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Finally, we take /(<) = i 1_r (i + e) r ln 2 (t + e) in (3.2) to get that 

poo 

sup t 1 - r (t + e) r ln 2 (t + e)||Vn(t)||| 2 + / t 1 ^ (t + e) r \n\t + e)\\u t \\ 2 L2 dt 

0<t<oo Jo 

r°° t t f -\- p 

< C / {ln(t + C )(— )i- + ln 2 (t + e)[(-— + (^)n}||Vn||| 2 dtexp{C||n || 4 L2 } 

< C a . 
Consequently, we obtain 

/>oo 

(/ IKIUarf*) 2 

JO 

/■CX3 />00 

< (/ ^ r (i + e) r ln 2 (t + e)|H| 2 2 cft)( / t r " 1 (/ + e)- r \rC 2 {t + e) dt) 

Jo " Jo 

< C a . 

Which is the same for Fdxv(n(p)M(u)),Q6iy(n(p)M(u)) — VII G L 1 (IR + ; L 2 ), and gives (1.8). 

Then follow the same line to the proof of Theorem 1.2, we get the first inequality of (1.7). We 
choose f'(t) = (t + e) 2l3 " £ in (3.3), obtain that 

/•CO 

sup (t + e)^- e \\u(t)\\ 2 L2 + / (t + e) 2 P- e \\Vu\\ 2 L2 dt 

0<t<oo Jo 
poo 

< C(\\uo\\ 2 L 2+ (t + e)- 1+2 P- £ \\u\\ 2 L2 dt) 

Jo 

< C a . 

Then taking f(t) = t l " r {t + e ) r+2/3 - £ in (3.2), we deduce that 

poo 

sup + e) r+2/3^|| Vn(t) ||2 2 + / jl-r^ + e) r+2/3- £ ||^ ||2 a ^ 

0<t<oo Jo 
C°° t t 4- p 

< C (t + e) 2 ^[( )^ + (^-y}\\Vu\\ 2 L2 dteMC\\no\\U 

Jo 1 i e 1 

< C a , 

which implies (1.9) and the second inequality of (1.7). This completes the proof of Theorem 1.3. 

5. Application: Global existence of (1.1) 

First we present a polynomial relation between the velocity and the density, which is the case 
between exponential and linear cases. In general, we consider the case of non-Lipschitz velocity, 
the loss of regularity will occur. With the non-Lipschitz velocity and logarithms regular density, 
we have the following proposition. 



Proposition 5.1. For 77 > 0, let p G B£y' and Vu G L 1 (R + ;B^ 2 ). Then we have p G 
^((0,00);^), and 

(5.1) \\p(t)\\ B ^ < C||po|L<, + i>m( f ||Vu|| B o drf + \ 

for any t > 0. 

Proof. First, we observe the continuity equation as follow: p = Ylj>-iPji where pj satisfies 

/ 5 2 ) J °tPj + u ■ V Pj = °> 

\ Pj\t=o = Ajpo- 
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Then we have 

\\ Pj (t)\\ n \ <C||^(0)|| i exp{C fwVuW^dr}, 

^00,00 £*oc, oc JO 

so that 

||A, Pj (t)|| L co < C2-3(!-J)||A jP o|U<x>F(«), 

where -F(ii) = exp{C J Q * ||Vn|| B o 2 dr}. If | — j > N, for a positive inter number N will be fixed 
later, we obtain that 

£ £ ||A ff p i (t)|| L «(2 + g )" < £(2 + ?)" 2 2-i(i-^||A iP o||L- 

j g>2(Af+j) 

< CF{u) 2^||A^ || L oc2-^ 7V +^(2 + 2(N + j))" 



3 

N 



< CF(u)2~-Y,\\^jPo\\L^(l + N + jr 

3 

< C2-TjV^||po|| B ,inF(u). 

oo,l 

On the other hand, we have 

\\ Pj (t)\\ R -I <C||Pi(0)|| -1 

which implies that 

||A,^(t)|| L =o < C2-|0-f )||A J -p || L ocF(n). 
If j — ^ > iV, then we obtain 

2 2 ||A,p j (t)|Uoc(2 + g)" < CF(u)22-^||A jP0 ||L~ £ (2 + ^2T 

« i>f +N 3 9<§0-AT) 

< CF(u) J] 2-liA J po|| L oc2^0- Ar )(2 + |(j - AT))" 



< C2-f AT^IIpoll B ,mF(«). 



Note that ||A 9 pj(t)|| L c=c < \\pj(t)\\ L ^ < || Ajp ||z,°°, for § - AT < j < f + TV, we get that 
2 2 ||A 9 p J -(t)|| L «(2 + g )" < ^HA.polUoc (2 + <,)■» 

9 i-N<j<^+N 3 l(j-N)<q<2(j+N) 

. ^„ A 11 (2 + 2( J + jV))^-(2 + |( J -jV)r 1 

3 

R (»)+l)ln- 

-°oo,l 

Finally, we obtain that 

||p(t)||^.n < EE( 2 + 9)"II A ^(*)^- 

00,1 * * 

< CW2-f UpoII ^inF^ + CAT^Hpoll (l)+1)ln 

(l + 2-TF( u )), 



DECAY ESTIMATES OF INCOMPRESSIBLE INHOMOGENEOUS NS EQUATIONS 

l B (-7+i 

00,1 



where we use ||po|| B iin < ||po|| B (i+i)in- We choose 2 " F(u) ~ 1, i.e. N ~ J Q * ||Vu|| B o dr, then 



||p(i)|| B ,m < C||p || B (, + i)in( / ||Vn|| B „ dr)^ 1 . 



Now, we present the product law with logarithms Besov space and the usual Besov space. 
Proposition 5.2. Let rj > 1, and a G -B^", & £ ^So,2- Then «^ £ ^So,2i an< ^ 

(5.3) ||a6|| B o < C||a|| B ,in||6|| B o . 

00, 2. 00 1 OO, Z 

Proof. We use Bony's decomposition that 

ab = T a b + T b a + R(a,b). 

For the first term, we have 

||AjT &|| £ oo < ||^-ia||L-||Aq6|| L oo 

\j-q\<N 

- II 6 H^,2 E C 9' 2 E ii a hu°° 

\j-q\<N k<q-2 

< HoH^lnllbllBO Yl C 1> 2 Yl C fc,l( 2 + fc )~' ? 

OO.l OG,Z * — * — 

|j-g|<JV fc<g-2 

< Cj,2||a|| B ^in ||6|| B o , 

oo,l 00, z 

where we use 77 > 1. 

To deal with T^a, one has 

HAjTtallLoo < ^ ||Aga||Loo ^ ||A fc &|| L °o 

|j-g|<JV -l<k<q-2 

< IHI B ,m||6||flO oa E ( 2 + <Z)~V9 

00,1 °°i z * 

b"-g|<JV 

oo,l 00, z <• -* 

Ii-«|<JV 

< c J - )2 ||o|| B ,in||6|| B o , 

oo,l 00, z 

where we use again rj > 1 so that ^ (? >_i(2 + g)~( 27 7 _1 ) < oo. 
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For the last term, we obtain that 

J] WAjRiaMloo < E^E ||A,a|| L =o||A,6|Uoo)2 
i>-i j>-i ?>j'-JV 

^ E( E (2 + «) a "||A fl a||ioo)( £ (2 + g)- 2 ^||A 3 6||i 0O ) 

< ni^* E E (2+9r 2 iA 9 6ii 2 LOO 

00,1 J>-1 q>j~N 

< ||a||^ ta ||6|||o 2 E( 2 + ff)"N,2 E 1 

oo , 1 00 >^ 

«>-i -i<?<?+iv 

< iiai^ ln |iCo 2 E( 2 +«r (2j? " 1) 

00,1 00,Z 

9>-l 



< 



|2 |i.||2 



By summing up the above estimates, we get (5.3). □ 

Now we are at the position to proof Theorem 1.4. 

Proof. We rewrite the momentum equation of (1.1) as 

H Au = W(pu t + puVu) - Pdiv((/x(p) - no)M(u)), 

from which, we get 

Ho(I - S )Vu = V(-A)- 1 Pdiv(/ - S )((tx(p) - »o)M(u)) - V(-A)" 1 P(J - S )(pu t + puVu). 
Now we can estimate Vu in the norm of Lj(5^ 2 )- Note that 

iivc-Ar^z-wiiBO 2 <cii/n L2 , 

and recall (5.3), we obtain that 

p \\(I - S )Vu\\ L i {B ^ 2) < C\\fi(p) -/x || L?0(B ^n ) ||V'u|| L i (B o o 2) 

+ C(\\u t \\ L l {L 2 ) + ||«V«|| £ 1 (L 2)) 

< C\\n(p) - fi \\ Lr{BV j^\\(I - S )Vn|| L i (B o o 2) + ||SbVu|| £ i (£ ao)) 

+ C(IMlL t 1 (L 2 ) + ||t*Vt*||i,i(ia)). 
Let ci be a small enough positive constant, which will be determined later on, we denote 

(5.4) f = f supji; \\p(p) - //ollioc^in) <ci^ }- 

Then for any t <T, the assumption (1.3) holds and 

^ollVtiHii^ a) < c(/io||SoVll|| £ i( £ oo) + II u *IIl1(L2) + ||«Vtl||£i(£a)). 
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Note that p < |, we can find some positive e such that \ + 2(3(p) — 2e > 1. Then using interpolation 

(3.4) , and decay estimates (3.6), (3.8), we obtain that 

IISoVuH^oo) < ||Vu|| L i (L 4) < (^ S + e)^ 2 ^)- 2£ ||Vn||| 4 d S )5(^\ s + e )-(l+2/3( P )-2 £ ) ds) I 

< (/ (s + e)^ +2f3ip) ~ 2£ \\Vu\\ L 2\\pu t + fwVu\\ L 2ds)* 

Jo 

< ((K* + K^)exp(K 2 )J (s + e) l3ip) - £ \\pu t + puVu\\ L 2d s y 

< ((K* + Kl) exp(if 2 ) (J\s + e) 1+2 ^~ £ \\pu t + puVu\\ 2 L2 ds) * (jT* (a + e)" 1 " 6 (is) 

< (id + K*)exp(K 2 ). 
Combining (3.7), we get that 

MollVuHii^^ < C(//o(id + .Fa)exp(K 2 ) + id +K). 

Recall the definition of K and G(po,uo), we deduce that 

(5.5) ^ollVullii^o^) < C(l + po)G(po, u ) exp{exp(C||no||i 2 )}. 

Now, substituting (5.5) into (5.1) leads to 
(5.6) 

IIM(P) - Mol^oo^ln) < C||/x(po) - M0|| B (^+l)ln(||V«|| i l (B o2) ) ?7+1 

< CUMpo) - Mo|| B (, +1 ) ln ( (ll^gg^g) )^ 1 exp {(, + 1) exp(C7||n ||l 2 )} 

oo,l V /Uo / 

. Cl 

as long as Co is sufficiently large and Co small enough in (1.11). This contradicts with (5.4) and it 
in turn shows that T = oo. So the Theorem is proven. □ 
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